Abstract. In this article we prove completeness results for Sobolev metrics with nonconstant coefficients on the space of immersed curves and on the space of unparametrized curves. We provide necessary as well as sufficient conditions for the coefficients of the Riemannian metric for the metric to be metrically complete and we construct examples of incomplete metrics. This work is an extension of previous work on completeness of Sobolev metrics with constant coefficients.
Introduction
Comparison and analysis of geometrical shape has found applications in various fields including image analysis, biomedical imaging and computer vision [23, 28] .
We consider Sobolev metrics on the space Imm(S 1 , R d ) of closed, regular (or immersed) curves in R d . Sobolev metrics are metrics of the form
here c ∈ Imm(S 1 , R d ) is a curve and h, k ∈ T c Imm(S 1 , R d ) are tangent vectors; D s h = h /|c | and ds = |c | dθ denote differentiation and integration with respect arc length respectively. The coefficients a k can be either constants or functions depending on the curve c.
Sobolev metrics on spaces of curves were introduced independently in [15, 21, 26] . Their completeness properties have been studied in [10, 12, 20] . Sobolev metrics have been generalized to manifold-valued curves [9, 13, 25] and to higherdimensional immersed manifolds [3, 8] . Numerical discretizations are available for first order metrics [24, 27] as well as for second order ones [4, 5, 6] . See [7] for an overview of Riemannian metrics on spaces of curves and related spaces.
When the coefficients a k are constants, we call such a metric a Sobolev metric with constant coefficients. It was shown in [10, 12] that constant coefficient Sobolev metrics of order n ≥ 2 are complete: They can be extended to the space I n (S 1 , R d ) of Sobolev immersions of order n and I n (S 1 , R d ) equipped with the induced geodesic distance is a complete metric space. Furthermore the geodesic equation has global-in-time solutions and any two curves in the same connected component can be joined by a minimizing geodesic.
However, the results of [10, 12] do not cover scale-invariant Sobolev metrics. For G to be scale-invariant we need to choose coefficients a k that depend on the length c of the basepoint curve. The choice a k ( c ) = with a k = a k ( c ) smooth functions of c . The purpose of this paper is to extend completeness results to length-weighted Sobolev metrics.
We introduce the following asymptotic conditions on the coefficients
These conditions require that at least some coefficient a k ( ) does not decay to 0 too quickly, both for → 0 and for → ∞. By controlling the rate of decay of the coefficients we are able to control the length of curves on metric balls with respect to the geodesic distance.
The main result of this article is that these conditions are sufficient for a Sobolev metric to be complete. We prove the following theorem 1.1. Theorem. Let G be a length-weighted Sobolev metric of order n ≥ 2, satisfying (I 0 ) and
is geodesically complete. (3) Any two curves in the same connected component can be joined by a minimizing geodesic.
The main ingredient in the proof is Proposition 4.6, which shows that G c (·, ·) is equivalent to the background norm · H n (dθ) with constants that can be chosen uniformly on arbitrary metric balls with respect to the induced geodesic distance.
In the conditions (I 0 ) and (I ∞ ), the maximum is taken over 1 ≤ k ≤ n. In Section 5 we show that this can not be relaxed to 0 ≤ k ≤ n by constructing metrically incomplete Sobolev metrics that satisfy the corresponding versions of (I 0 ) and (I ∞ ) with k = 0.
Background material and notation
2.1. The space of curves. Let d ≥ 1. The space
of immersions or regular, parametrized curves is an open set in the Fréchet space C ∞ (S 1 , R d ) with respect to the C ∞ -topology and thus itself a smooth Fréchet manifold. For n ∈ N and n ≥ 2 the space 
From a geometric perspective the tangent space at a curve c consists of vector fields along it, i.e., T c Imm(
In the Sobolev case, where c ∈
is not a C ∞ -manifold and the tangent space consists of fibre-preserving H n -maps,
See [17, 18] for details in the smooth case and [16, 22] for spaces of Sobolev maps. For a curve c ∈ I
we denote the parameter by θ ∈ S 1 and differentiation ∂ θ by , i.e., h = ∂ θ h. Since c is a C 1 -immersion, the unit-length tangent vector D s c = c /|c | is well-defined. We will denote by D s = ∂ θ /|c | the derivative with respect to arc length and by ds = |c | dθ the integration with respect to arc length. To summarize, we have
The length of c is denoted by c = S 1 1 ds.
Sobolev norms.
For n ≥ 1 we fix the following norm on
Its counterpart is the H n (ds)-norm
which depends on the curve c ∈ I n (S 1 , R d ). The norms H n (dθ) and H n (ds) are equivalent, but the constant in the inequalities
depends on c. The nature of this dependence is the content of Proposition 4.5 and
and they are related via u |c |
3. Length-weighted metrics 3.1. Definition. A length-weighted Sobolev metric of order n is a Riemannian metric on Imm(
where the coefficients are smooth functions a k ∈ C ∞ (R >0 , R ≥0 ) and a 0 ( ) > 0 and a n ( ) > 0 for all > 0.
Note that a 0 ( ), a n ( ) > 0, but the coefficients can approach 0 as → 0 or → ∞. We obtain scale-invariant metrics by choosing a k ( c ) = b k 2j−3 c with b k ∈ R.
3.2. Lemma. Let G be a length-weighted Sobolev metric of order n ≥ 0. Then G is a smooth Riemannian metric on Imm(S 1 , R d ) and G can be extended to a smooth Riemannian metric on the Sobolev completion
Proof. This follows from the smoothness of the maps
for n ≥ 2 and 1 ≤ k ≤ n; see [12, Lemma 3.3] . Similarly, the map
is smooth for n ≥ 2.
3.3. Necessary conditions for completeness. We are interested in necessary and sufficient conditions on the coefficient functions a k , that would imply metric completeness of the corresponding metric G. A necessary condition is that it is neither possible to shrink a curve to a point nor to make it infinitely large along a path of finite length. Fix c 0 ∈ I n (S 1 , R d ) and consider the path c(t, θ) = (t)c 0 (θ) with (0) = 1, (1) = R and t (t) > 0. We want to study the length of the path as R ∞. The length is
Writing D c for D s to emphasize the dependence of the operator D s on the curve,
Note that all integrals in the above sum are strictly positive: D 
The equivalences are just restatements of the fact that the norms · 2 , · 1 and · ∞ on R n+1 are equivalent. Thus a necessary condition for completeness is that at least one of the integrals
Similarly, one can consider the shrinking of a curve to a point by setting (0) = 1, (1) = R > 0 and t (t) < 0. Then, by a similar argument as above,
Thus the second necessary condition is the divergence of at least one of the integrals
3.4. Sufficient conditions for completeness. The main result of the paper is that for k ≥ 1 these two conditions are also sufficient for the metric to be complete. We define for length-weighted Sobolev metrics of order n the two properties
These are sufficient conditions to prevent shrinkage to a point and blow up to infinity of curves along radial paths c(t, θ) = (t)c 0 (θ) with finite lengths. We will show that they also prevent finite time shrinkage and blow up along arbitrary paths.
3.5. Remark. Note that in (I 0 ) and (I ∞ ) we require 1 ≤ k ≤ n. The case when only I 0,∞ = ∞ or I 0,0 = ∞ is more subtle and in Section 5 we construct metrics that satisfy I 0,0 = ∞, I 0,∞ = ∞ but I 0,k < ∞, I ∞,k < ∞ for 1 ≤ k ≤ n and which are not metrically complete.
Controlling length and completeness
In this section we prove that the length c and the local arc length |c (θ)| are bounded on geodesic balls. This will constitute the main ingredients for the proof of metric completeness in Theorem 4.7. First we need Poincaré-type inequalities for the L 2 (ds)-norm. Proofs can be found in [12, Lemma 2.14, 2.15].
To show that quantities like the length c or the local arc length |c (θ)| are bounded we will use the following result, whose proof can be found in [10, Lemma 3.2].
4.2.
Lemma. Let (M, g) be a Riemannian manifold, possibly infinite-dimensional, and f : M → F be a C 1 -function into a normed space F . Assume that for each each metric ball B(y, r) in M there exists a constant C, such that
holds for all x ∈ B(y, r) and v ∈ T x M . Then the function
is continuous and and Lipschitz continuous on every metric ball. In particular f is bounded on every metric ball. If the constant C is chosen such that (2) holds globally for x ∈ M , then f is globally Lipschitz continuous.
First we show that length c is bounded on metric balls.
4.3.
Lemma. Let G be a length-weighted Sobolev metric of order n ≥ 2 satisfying (I 0 ) and (I ∞ ). Given c 0 ∈ I n (S 1 , R d ) and R > 0 there exists a constant C = C(c 0 , R) such that
Let 1 ≤ k ≤ n. We can estimate D c,h c using Cauchy-Schwartz and Lemma 4.1 (2),
The assumptions a k ( ) ≥ 0 and a n ( ) > 0 ensure that W (r) > 0, and (I 0 ) and (I ∞ ) imply that lim t→0 W (t) = −∞ and lim t→∞ W (t) = ∞. Hence W : (0, ∞) → R is a diffeomorphism. We can estimate the derivative D c,h W ( c ) via
for some constant C. Applying Lemma 4.2 we see that c → W • c is globally Lipschitz continuous and in particular bounded on every metric ball. Because W is a diffeomorphism, c itself is also bounded above and away from 0 on every metric ball.
We will also need to show that log |c | is Lipschitz continuous on metric balls with respect to the geodesic distance.
4.4.
Lemma. Let G be a length-weighted Sobolev metric of order n ≥ 2 satisfying (I 0 ) and (I ∞ ). The the function log |c | :
is continuous and Lipschitz continuous on every metric ball B(c 0 , R). Therefore, there exists a constant C = C(c 0 , R) such that all c ∈ I n (S 1 , R d ) with dist(c 0 , c) < R and all θ ∈ S 1 satisfy
Using Lemma 4.1 we get
Fix a metric ball B(c 0 , R) and observe that we have are bounded on the ball B(c 0 , R) and since a n is smooth, a n ( c ) −1 is bounded as well. Thus
for some constant C = C(c 0 , R) and c ∈ B(c 0 , R). Hence log |c | is Lipschitz continuous on every metric ball by Lemma 4.2. The boundedness of |c (θ)| on each metric ball is a direct consequence of Lipschitz continuity.
Following [12] and [10, Section 3] we define the following property for a Riemannian metric G on Imm(S 1 , R d ). It states that a metric satisfying (H n ) is stronger than a Sobolev metric with constant coefficients of order n with constants that can be chosen uniformly on metric balls.
Given a metric ball
holds for all c ∈ B(c 0 , R). The proof of the following proposition can be found in [ 
Proposition. Let G be a weak Riemannian metric on
holds for all c ∈ B(c 0 , R) and all h ∈ H n (S 1 , R d ).
We now show that length-weighted Sobolev metrics also have property (H n ) and are uniformly equivalent to the flat Sobolev metric on any metric ball. 4.6. Proposition. Let G be a length-weighted Sobolev metric of order n ≥ 2, satisfying (I 0 ) and (I ∞ ). Then G satisfies (H n ). Furthermore, given a metric ball B(c 0 , R) in I n (S 1 , R d ) there exists a constant C such that
Proof. Let B(c 0 , R) be a geodesic ball in I n (S 1 , R d ) and denote by B Imm (c 0 , R) the geodesic ball in Imm( 
, it follows that B Imm (c 0 , R) is dense in B(c 0 , R). By Lemma 4.3 the length c is bounded on B(c 0 , R) above and below, away from 0. The coefficients a k are smooth functions and hence B k ≤ a k ( c ) ≤ C k , with B k , C k ≥ 0 and B 0 , B n > 0 for all curves c ∈ B(c 0 , R). With B = min(B 0 , B n ) we have
This shows that G satisfies (H n ). Using Lemma 4.1 (3) we get
for some constant C . Combining the last two equations with Proposition 4.5 we obtain the equivalence
for some constant C and all c ∈ B Imm (S
is dense in B(c 0 , R) and G depends continuously on c the inequalities continue to hold for c ∈ B(c 0 , R).
4.7.
Theorem. Let G be a length-weighted Sobolev metric of order n ≥ 2, satisfying (I 0 ) and (I ∞ ). 
is locally bi-Lipschitz. The remainder of the proof follows [10, Theorem 4.3] . Let (c j ) j∈N be a Cauchy sequence w.r.t the geodesic distance. The sequence is eventually contained in a metric ball B(c 0 , r) and hence it is also a Cauchy sequence w.r.t. the H n (dθ)-norm. Thus there exists a limit c
By Lemma 4.4 there exists a constant C such that we have the point-wise lower bound c j θ (θ) ≥ C > 0. This also holds for the limit c * showing that c
Because the identity map is locally Lipschitz, we also have dist(c j , c
is a complete metric space. For a smooth strong Riemannian metric, metric completeness implies geodesic completeness, see [19, VIII Prop 6.5] . This is the second part of the statement.
To show the existence of minimizing geodesics we use [10, Remark 5.4] , which shows the existence of minimizing geodesics for metrics on I n (S 1 , R d ) that are uniformly bounded and uniformly coercive with respect to the background · H n (dθ) -norm on metric balls and are of the form
with some Hilbert spaces F k and smooth maps A k : I n → L(H n , F k ), provided the maps A k have the property [10, Lemma 5.9] . Uniform boundedness and uniform coercivity on metric balls was shown in 4.6. Therefore we obtain the existence of minizing geodesics.
Let G be a length-weighted Sobolev metric of of order n ≥ 2, satisfying (I 0 ) and (I ∞ ). The same proof as in [10, Section 4.4] shows that the space (Imm(S 1 , R d ), G) of smooth immersions is geodesically complete and that its metric completion with respect to the geodesic distance is
The results of [11, Section 6] generalize naturally to length-weighted metrics, showing that the geodesic is C ∞ -smooth provided c 1 and c 2 are nonconjugate along the geodesic. 4.8. Shape space. The metric G is reparametrization invariant, i.e., invariant under the action of Diff(S 1 ), and it induces a smooth Riemannian metric on the shape space of unparametrized curves. For technical reasons we have to restrict ourselves to the set Imm f (S 1 , R d ) of free immersions, meaning those immersions upon which Diff(S 1 ) acts freely:
is the open and dense set of regular points for the Diff(S 1 )-action and we denote the quotient space of unparametrized curves by
It is shown in [14, Section 1.5] that B i,f is a smooth Fréchet manifold and the projection π : Imm f → B i,f is a smooth prinicipal fibration with structure group Diff(S 1 ). The space of unparametrized Sobolev curves is
and we write again π :
with the quotient metric induced by the geodesic distance is a complete metric space and given
is a length space and any two shapes in the same connected component can be joined by a minimizing geodesic. Here a geodesic is to be understood in the sense of metric spaces, because B n (S 1 , R d ) does not carry the structure of a smooth manifold.
The space
is a smooth manifold and G induces a Riemannian metric
The proofs of these statements are the same as in [10, Section 6].
Counterexample
The completeness results were proven under the assumption that (I 0 ) and (I ∞ ) hold, i.e. we control the behavior of some coefficient a 1 ( c ), . . . , a n ( c ) other than a 0 ( c ). Even though controlling the L 2 -coefficient guarantees long radial paths, it does not allow us to estimate c along other paths. Here we construct a family of counterexamples which show that controlling the L 2 -coefficient is not enough for metric completeness.
We consider the second order metric
with coefficients a 0 ( c ) = q c and a 2 ( c ) = p and p, q ∈ R. The following observations are straight forward,
In the following thereom we construct two families of metrically incomplete Riemannian metrics. Both families satisfy I ∞,0 = ∞ and I 0,0 = ∞. The first family additionally satisfies (I 0 ), but not (I ∞ ), while the second family satisfies (I ∞ ), but not (I 0 ). Hence, we cannot extend the maximum in (I 0 ) and (I ∞ ) to 0 ≤ k ≤ n.
Proposition. The second order length-weighted Sobolev metric
is not metrically complete for
(1) q = −3 and p < 1 or (2) q = −3 and p > 1.
Proof. We will construct Cauchy sequences of curves (c n ) with respect to the geodesic distance, such that the sequence ( cn ) of lengths approaches infinity for the first set of parameters and converges to 0 for the second set of parameters. Hence the sequence of curves cannot converge to an element of I 2 (S 1 , R d ) and hence the space cannot be metrically complete.
Consider two geometric sequences (r n ) n∈N , (λ n ) n∈N with r n+1 = ar n , λ n+1 = bλ n . We choose λ 0 > 2, b > 1 and λ 0 , b ∈ N; then λ n ≥ 2, λ n ∞ and λ n ∈ N. The choice of r 0 and a will depend on p and will be made later. Throughout the proof we will write f g to denote f ≤ Cg with a constant C that may depend on ε, r 0 , λ 0 , a and b.
Define the sequence of curves
with n = (cos θ, sin θ) and 0 < ε < 1 3 . Set v = (− sin θ, cos θ); then n = v and v = −n. The curve c n is a circle of radius r n with 2λ n bumps of amplitude ε.
We want to estimate the geodesic distance dist(c n , c n+1 ). To do so, we define the intermediate curvec
We will estimate dist(c n ,c n ) and dist(c n , c n+1 ) separately using linear paths between the curves. The derivatives of c n are c n (θ) = r n (1 + ε sin(λ n θ)) v + εr n λ n cos(λ n θ) n c n (θ) = 2εr n λ n cos(λ n θ) v − r n 1 + ε 1 + λ 2 n sin(λ n θ) n . We have the following pointwise estimates,
Forc n we have the same estimates
To estimate dist(c n ,c n ) we define the path c(t, θ) = (1 − t)c n (θ) + tc n (θ) = (1 − t)r n (1 + ε sin(λ n θ)) n + tr n+1 (1 + ε sin(λ n θ)) n = (r n + t(r n+1 − r n )) (1 + ε sin(λ n θ)) n Then c (t, θ) = (r n + t(r n+1 − r n )) ελ n cos(λ n θ)n + (1 + ε sin(λ n θ))v and because n, v = 0, we have the lower bound |c | ≥ (r n + t(r n+1 − r n )) (1 + ε sin(λ n θ)) (1 − ε)r n r n . Figure 1 . Illustration of the curves c n using in the counterexample constructed in Proposition 5.1. In both cases λ n → ∞. The figure on the left shows the case r n → 0 while the figure on the right shows r n → ∞.
We will also need a slightly sharper lower bound for the length cn . Starting from
we obtain by integration, since 2π 0 | cos λ n θ| dθ = 4 for λ n ∈ N, the estimate c r n λ n . Thus we have r n λ n c r n λ n .
Next we need to estimate the velocity of the path
The simple estimate is |∂ t c| r n , and therefore
We also need to estimate D 2 s (∂ t c). For this we use the formula
Up to constants we obtain We will obtain similar estimates for dist(c n , c n+1 ). Define the path c(t, θ) = (1 − t)c n (θ) + tc n+1 (θ) = r n+1 + εr n+1 ((1 − t) sin(λ n θ) + t sin(λ n+1 θ)) n .
Then c (t, θ) = r n+1 + εr n+1 ((1 − t) sin(λ n θ) + t sin(λ n+1 θ)) v + εr n+1 ((1 − t)λ n cos(λ n θ) + tλ n+1 cos(λ n+1 θ)) n , and |c | ≥ r n+1 + εr n+1 ((1 − t) sin(λ n θ) + t sin(λ n+1 θ)) ≥ (1 − 2ε)r n+1 r n .
We also have the estimate |c (t, θ)| ≥ εr n+1 |(1 − t)λ n cos(λ n θ) + tλ n+1 cos(λ n+1 θ)| , which allows us to find a lower bound for the length -note that λ n ∈ N, cn r n λ n 2π 0 |(1 − t) cos(λ n θ) + tb cos(bλ n θ)| dθ = r n λ n 2π 0 |(1 − t) cos(θ) + tb cos(bθ)| dθ r n λ n .
The last inequality is independent of t, because the path t → (1−t) cos θ +tb cos(bθ) into L 1 is continuous and does not pass through the zero function. Thus we have again the upper and lower bounds r n λ n c r n λ n , and we can derive the estimates 
Open questions
Several open questions remain that we were not able to settle. 6.1. Open Question. Are the metrics in Proposition 5.1 geodesically incomplete?
Let G be one of the metrics from Proposition 5.1. It was shown in Lemma 3.2 that G is a smooth, strong Riemannian metric on I 2 (S 1 , R 2 ) and thus geodesics with given initial conditions exist for some time. In Proposition 5.1 we showed that G is metrically incomplete. In finite dimensions the theorem of Hopf-Rinow states that a Riemannian manifold is metrically complete if and only if it is geodesically complete. In infinite dimensions Atkin [2] has constructed a geodesically complete manifold that is metrically incomplete. Whether the geodesics of G exist for all time remains an open question.
6.2. Open Question. Are the conditions (I 0 ) and (I ∞ ) necessary for metric completeness?
